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STATIONARY BGK MODELS FOR CHEMICALLY REACTING GAS IN A SLAB
DOHEON KIM, MYEONG-SU LEE, AND SEOK-BAE YUN
Abstract. We study the boundary value problem of two stationary BGK-type models - the BGK
model for fast chemical reaction and the BGK model for slow chemical reaction - and provide a
unified argument to establish the existence and uniqueness of stationary flows of reactive BGK
models in a slab. For both models, the main diffculty arises in the uniform control of the reactive
parameters from above and below, since, unlike the BGK models for non-reactive gases, the reactive
parameters for the reactive BGK models are defined through highly nonlinear relations. To overcome
this difficulty, we introduce several nonlinear functionals that capture essential structures of such
nonlinear relations such as the monotonicity in specific variables, that enable one to derive necessary
estimates for the reactive equilibrium coefficients.
1. introduction
The classical BGK model [8] describes the relaxation process of the Boltzmann equation in a
simpler setting. Due to its reliable performances in reproducing qualitative features of the Boltzmann
equation in a numerically amenable way, the BGK model has been popularly used in place of the
Boltzmann equation in many fields of rarefied gas dynamics. As a model equation of the Boltzmann
equation, the BGK model also inherits various modeling assumptions of the Boltzmann equation:
The gas molecules are assumed to be non-ionized, monatomic, elastic and non-reactive. Efforts to
remove any of these assumptions usally involve much complications and difficulties. And for each
such removal of the assumptions, relevant BGK models were proposed. Regarding the removal of the
non-reactiveness assumption, which is practically very important since the chemical reaction of gases
shows up in various physical situations such as combustion processes, hypersonic flows around space
vehicles, many efforts have been made in a series of works.
The first relaxation type model for the system of reacting gases was suggested by Monaco and
Pandolfi in [28], providing the relaxational approximation of the reactive Boltzmann equation of
Rossani and Spiga [31]. The consistent BGK model for mixture problem derived in [1] was extended
in [23] for gas system undergoing slow chemical reactions, existence of which is studied in the current
work. Brull derived a reactive BGK model for which the relaxation operator is split into the elasitic
part and the chemical reaction part in [28]. Extension to polyatomic reacting gas can be found in
[10], and the relaxational model for irreversible reactive chemical transformation is considered in [9].
For the study of shock problems of reactive gases using BGK type models, see [24].
To the best knowledge of authors, the existence issue of any of such reactive BGK models has never
been considered in the literature, which is the main motivation of the current work. In this paper,
we study the stationary problems for reactive BGK models involving the bimolecular fast reaction or
slow chemical reactions. More precisely, we consider the stationary problems in a slab for reactive
BGK models proposed in [23] (slow reaction) and [25] (fast reaction). The term “slow reaction” and
“fast reaction” are coined to compare the time scale of the chemical reactions measured up againt the
time scale of elastic collisions. Slow reaction denotes the case in which the chemical reaction occurs
over a time scale longer than the elatic collisions, and the fast reaction denotes the opposite case.
The paper is organized as follows: In Section 2, we introduce the reactive BGK models we are
studying in this paper. In Section 3, we present our main result. Section 4 is devoted to estimate the
macroscopic parameters. In Section 5, we define our solution spaces and formulate our problem as a
fixed point problem in the solution space. In Section 6, we show that our solution maps are invariant
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in the solution space under the assumption of Theorem 3.3 and Theorem 3.4. In Section 7, we finish
the proof by establishing Cauchy estimates for the solution maps.
2. BGK models for chemically reacting gases
In this section, we introduce two reactive BGK models we are considering in this work, for slow
and fast chemical reaction respectively. We first define various coefficients and quantities shared by
both models, and set up notational conventions:
• Velocity distribution function: In the following, the velocity distribution function fi(x, v)
(i = 1, 2, 3, 4) represents the number density of ith molecule at the position x ∈ [0, 1] with veloc-
ity v = (v1, v2, v3) ∈ R3.
• Physical and chemical constants:
(a) τ is the Knudsen number defined by the ratio of the mean free path and the characteristic length
of the system. It measures how rarefied the system is.
(b) Mass: mi represents the mass for each species and M denotes the total mass involved in the
reaction process: M = m1 + m2 = m3 + m4. And we use µij :=
mimj
mi+mj
(i, j = 1, 2, 3, 4) for the
reduced mass.
(c) Energy: Ei denotes the energy of the chemical bond and ∆E = −
∑4
i=1 λiEi is the energy thresh-
old, where we denote λ1 = λ2 = −λ3 = −λ4 = 1.
(d) Interactions: χij denotes the interaction coefficient, and the microscopic collision frequencies are
denoted by νij . χij and νij must satisfy the relation: χij ≤ νij (See [1]) (We mention that this condi-
tion is necessary in the proof of Lemma 4.5). We use ν3412 and ν
12
34 to denote the chemical microscopic
collision frequency for the first and second model is respectively. See (2.7).
• Macroscopic fields: We now define the macroscopic fields to construct the reactive equilibrium
for the first model.
(a) Single component macroscopic fields:
ρ(i) := min
(i) := mi
∫
R3
fidv,
ρ(i)U (i) := mi
∫
R3
vfidv,
3kρ(i)T (i) := m2i
∫
R3
|v − U (i)|2fidv.
single (2.1)
(b) Global macroscopic fields:
n =
4∑
i=1
n(i), ρ =
4∑
i=1
ρ(i), U =
1
ρ
4∑
i=1
ρ(i)U (i),
nkT =
4∑
i=1
n(i)kT (i) +
1
3
4∑
i=1
ρ(i)(|U (i)|2 − |U |2).
global (2.2)
Now, we are ready to derive the parameters determining reactive MaxwellianMi, and present our
models.
2.1. BGK model for slow chemical reaction. Our first model is proposed in [23] and describes
the dynamics for Maxwellian molecules with slow chemical reactions. The stationary problem in a
slab of which reads
v1
∂fi
∂x
=
νi
τ
(Mi − fi) on [0, 1]× R3, (i = 1, 2, 3, 4)system (2.3)
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subject to the boundary data:
fi(0, v) = fi,L(v), on v1 > 0, fi(1, v) = fi,R(v), on v1 < 0,
with the reactive mawellians Mi defined by
Mi = ni
(
mi
2πkTi
)3/2
exp
(
− m|v − Ui|
2
2kTi
)
,
where the reactive parameters are determined as follows: First, we define the collision frequencies νi
by
ν1 =
4∑
j=1
ν1jn
(j) +
2√
π
Γ
(
3
2
,
∆E
kT
)
ν3412n
(2),
ν2 =
4∑
j=1
ν2jn
(j) +
2√
π
Γ
(
3
2
,
∆E
kT
)
ν3412n
(1),
ν3 =
4∑
j=1
ν3jn
(j) +
2√
π
Γ
(
3
2
,
∆E
kT
)(
µ12
µ34
)3/2
e∆E/kT ν3412n
(4),
ν4 =
4∑
j=1
ν4jn
(j) +
2√
π
Γ
(
3
2
,
∆E
kT
)(
µ12
µ34
)3/2
e∆E/kT ν3412n
(3).
nu fast (2.4)
Then we define ni, Ui and Ti as
ni = n
(i) +
λi
νi
S,
miniUi = min
(i)U (i) +
2
νi
4∑
j=1
χijµijn
(i)n(j)(U (j) − U (i)) + λi
νi
miUS,
3
2
nikTi =
3
2
n(i)kT (i) − 1
2
mi[ni|Ui|2 − n(i)|U (i)|2] + 6k
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)(T (j) − T (i))
+
2
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)(miU
(i) +mjU
(j))(U (j) − U (i))
+
λi
νi
S
[
1
2
mi|U |2 + 3
2
kT +
M −mi
M
kT
(∆E/kT )3/2e−∆E/kT
Γ(32 ,
∆E
kT )
− 1− λi
2
M −mi
M
∆E
]
,
B-1 (2.5)
where the quantity S is defined by
S = ν3412
2√
π
Γ
(
3
2
,
∆E
kT
)[
n(3)n(4)
(
m1m2
m1m2
)3/2
e∆E/kT − n(1)n(2)
]
,
We note that the collision frequencies are given by the combination of non-ractive part, which takes
the same form with the original BGK model for non-reacting gases [1, 8], and the chemcial reaction
part.
2.2. BGK model for fast chemical reaction. Our second model is proposed in [25], and it repre-
sents gas mixtures with fast chemical reactions:
v1
∂fi
∂x
=
ν˜i
τ
(M˜i − fi) on [0, 1]× R3, (i = 1, 2, 3, 4)system2 (2.6)
subject to boundary data:
fi(0, v) = fi,L(v) on v1 > 0, fi(1, v) = fi,R(v) on v1 < 0.
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The reactive maxwellian M˜i is defined by
M˜i := n˜i
(
mi
2πkT˜
)3/2
exp
(
− mi|v − U˜ |
2
2kT˜
)
.
The reactive parameters for this model are determined implicitly through the following procedure.
(a) First, we define the collision frequencies ν˜i as follows:
ν˜1 =
4∑
j=1
ν1jn
(j) +
(
µ34
µ12
)3/2
e−∆E/kT ν1234n
(2),
ν˜2 =
4∑
j=1
ν2jn
(j) +
(
µ34
µ12
)3/2
e−∆E/kT ν1234n
(1),
ν˜3 =
4∑
j=1
ν3jn
(j) + ν1234n
(4),
ν˜4 =
4∑
j=1
ν4jn
(j) + ν1234n
(3).
nu slow (2.7)
(b) We define a function F (x) by
F (x) :=
{∑4
i=1 ν˜in
(i)
[
1
2mi(|U (i)|2 − |U˜ |2) + 32kT (i)
]
+∆Eν˜1(x− n1)
}
(
3
2k
∑4
i=1 ν˜in
(i)
) .B-30 (2.8)
With this definition of F , we first define n˜1 as the unique root of the equation
B-3 (2.9)
ν˜3ν˜4
ν˜1ν˜2
ν˜1x[ν˜2n
(2) + ν˜1(x− n(1))]
[ν˜3n(3) − ν˜1(x− n(1))][ν˜4n(4) − ν˜1(x− n(1))]
exp
(
− ∆E
kF (x)
)
=
(
µ12
µ34
)3/2
or, equivalently,
B-33 (2.10)
ν˜3ν˜4
ν˜1ν˜2
ν˜1n˜1[ν˜2n
(2) + ν˜1(n˜1 − n(1))]
[ν˜3n(3) − ν˜1(n˜1 − n(1))][ν˜4n(4) − ν˜1(n˜1 − n(1))] exp
(
− ∆E
kF (n˜1)
)
=
(
µ12
µ34
)3/2
in the domain defined by the constraint of positivity for density and temperature fields, i.e.,
n˜1 > 0, n˜1 > n
(1) − ν˜2
ν˜1
n(2), n˜1 < n
(1) +
ν˜3
ν˜1
n(3), n˜1 < n
(1) +
ν˜4
ν˜1
n(4),
n˜1 > n
(1) − 1
ν˜1
1
∆E
4∑
i=1
ν˜in
(i)
[1
2
mi(|U (i) − U˜ |2) + 3
2
kT (i)
]
.
Since the left-hand-side of (2.9) is a strictly increasing function of x with its range (0, ∞), the root
of (2.9) always uniquely exists. (See Lemma 4.8)
(c) With such n˜1, we define U˜ and n˜2, n˜3, n˜4 as follows:
n˜i := n
(i) + λi
ν˜1
ν˜i
(n˜1 − n(1)), i = 2, 3, 4,
U˜ :=
4∑
i=1
ν˜imin
(i)U (i)
/ 4∑
i=1
ν˜imin
(i).
B-2 (2.11)
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And T˜ is defined by
T˜ := F (n˜1) =
{∑4
i=1 ν˜in
(i)
[
1
2mi(|U (i)|2 − |U˜ |2) + 32kT (i)
]
+∆Eν˜1(n˜1 − n1)
}
(
3
2k
∑4
i=1 ν˜in
(i)
) .Temp (2.12)
3. Main result
Before we state our main result, we need to define notations and norms:
• Every constant denoted by C will be generically defined. The values of C may differ line by line.
•We use Cl,u to denote a positive constant depending only on the given constants and the quantities
defined in (3.1),(3.2) and (3.3).
• We define the norm ‖·‖L1
2
by
‖f‖L1
2
=
∫
R3
|f(x, v)|(1 + |v|2)dv.
• We define the following quantities for brevity (i = 1, 2, 3, 4).
ai,u = 2
∫
R3
fi,LRdv, ai,s =
∫
R3
1
|v1|fi,LRdv, ai,l =
1
8
ai,u,
ci,u = 2
∫
R3
fi,LR|v|2dv ci,s =
∫
R3
1
|v1|fi,LR|v|
2dv, ci,l =
1
8
ci,u,
parameters1 (3.1)
where we used the notation:
fi,LR(v) = fi,L(v)1v1>0 + fi,R(v)1v1<0.
From this, we define
au = max
1≤i≤4
{ai,u}, al = min
1≤i≤4
{ai,l}, cu = max
1≤i≤4
{ci,u}, cl = min
1≤i≤4
{ci,l}.parameters2 (3.2)
• We also define the following quantity, which will serve as a lower bound for the temperature.
γi,l =
1
16
(∫
v1>0
fi,L|v1|dv
)(∫
v1<0
fi,R|v1|dv
)
parameters3 (3.3)
and
γl = min
1≤i≤4
{γi,l}.
Now, we define the mild solution of the system of PDE (2.3):
Definition 3.1. A pair of functions f = (f1, f2, f3, f4) ∈ (L∞([0, 1]x;L12(R3v)))4 is said to be a mild
solution for (2.3) if fi satisfies the following equation:
fi(x, v) =
(
e
− 1
τ|vi|
∫
x
0
νi(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νi(z)dzνiMidy
)
1v1>0
+
(
e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
νi(z)dzνiMidy
)
1v1<0,
for each i = 1, 2, 3, 4.
And we also define the mild solution to (2.6):
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Definition 3.2. A pair of functions f = (f1, f2, f3, f4) ∈ (L∞([0, 1]x;L12(R3v)))4 is said to be a mild
solution for (2.6) if fi satisfies the following equation:
fi(x, v) =
(
e
− 1
τ|vi|
∫
x
0
ν˜i(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
ν˜i(z)dz ν˜iM˜idy
)
1v1>0
+
(
e
− 1
τ|v1|
∫
1
x
ν˜i(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
ν˜i(z)dz ν˜iM˜idy
)
1v1<0,
for each i = 1, 2, 3, 4.
The main results of this paper are as follows:
main Theorem 3.3. Suppose fi,LR,
1
|v1|fi,LR ∈ L12(R3v). Assume that the inflow data does not induce
vertical flows on the boundary:∫
R2
fi,Lvjdv2dv3 =
∫
R2
fi,Rvjdv2dv3 = 0. (j = 2, 3)
Then there exist two constants ǫ, L > 0, depending only the constants defined in (3.1), (3.2) and (3.3),
such that if ǫ > ν3412 > 0 and τ > L, then there exists a unique mild solution f = (f1, f2, f3, f4) for
(2.3) satisfying
ai,l ≤
∫
R3
fi(x, v)dv ≤ ai,u, ci,l ≤
∫
R3
|v|2fi(x, v)dv ≤ ci,u
and (∫
R3
fidv
)(∫
R3
|v|2fidv
)
−
(∫
R3
v1fidv
)2
≥ γl.
main2 Theorem 3.4. Suppose fi,LR,
1
|v1|fi,LR ∈ L12. Assume that the inflow data does not induce vertical
flows on the boundary: ∫
R2
fi,Lvjdv2dv3 =
∫
R2
fi,Rvjdv2dv3 = 0. (j = 1, 2)
Then there exists a constant L > 0, depending only the constants defined in (3.1), (3.2) and (3.3),
such that if τ > L, then there exists a unique mild solution f = (f1, f2, f3, f4) for (2.6) satisfying
ai,l ≤
∫
R3
fi(x, v)dv ≤ ai,u, ci,l ≤
∫
R3
|v|2fi(x, v)dv ≤ ci,u
and (∫
R3
fidv
)(∫
R3
|v|2fidv
)
−
(∫
R3
v1fidv
)2
≥ γl.
The key difficulty and novelty, along with being able to treat two different types of reactive model
in a unified manner, arise from the way in which the reactive equilibrium coefficients are estimated.
The macroscopic fields for non-reactive BGK models, which corresponds to the reactive equilibrium
coefficients of the reactive BGK models, are defined from velocity distribution functions in an explicit
manner through simple integral relation, and the relevent lower and upper bounds for the fields follows
directly from the definition once suitable upper and lower bounds are known for the moments of the
distribution function. The equilibrium coefficients for the reactive system on the other hand, are
defined through highly nonlinear relations as was given in Section 2 above. Thererfore, determining
various necessary a priori estimates of them cannot be treated in a straightforward manner as in the
non-reactive case.
To overcome this difficulty, we introduce several nonlinear functionals which capture imortant
structures of such nonlinear relations and carefully analyze those functionals to derive the desired
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results for equilibrium coefficients. For example, to estimate Ti of the first reactive model of our
paper, we introduce the following nonlinear functional:
f(t) =
2
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)mj |U (j) − U (i)|2 + tmi
2
|U (i) − U |2
− 1
2mi(n(i) + t)
∣∣∣∣mit(U − U (i)) + 2νi
4∑
j=1
χijµijn
(i)n(j)(U (j) − U (i))
∣∣∣∣2,
and show that f satisfies f(t) ≥ −C|t| near zero. This observation enables us to estimate Ti from
above and below (See Lemma 4.5).
On the other hand, to obtain the uniform lower and upper bound of n˜1 of the second model, we
devise the following nonlinear functional:
Fx,y,µ,η,α,β(z) = log
µ3µ4
η2
+ log z + log(µ2x2 + µ1z − η1y1)− log(η3y3 − µ1z + η1y1)
− log(η4y4 − µ1z + η1y1)−
3
2∆E
4∑
i=1
ηiyi
4∑
i=1
µixi
[
1
2mi(β
2
i ) +
3
2kαi
]
+∆E(µ1z − η1y1)
,
and use the fact that for each fixed z, the function (x,y,µ,η,α,β) 7→ Fx,y,µ,η,α,β(z) is monotone in
xi, µi, αi, |βi|, yi, ηi (i = 1, 2, 3, 4) (See Lemma 4.8).
Before moving on to the proof, a brief review on the relevant analytical results are in order. The
stationary problem for the BGK model in a bounded interval was first studied by Ukai in [30] using
a Schauder type fixed point theorem. Nouri studied the existence of weak solutions for a qunatum
BGK model with a discretized condensation ansantz in [29]. The existence of unique mild solutions
were obtained in [7], using classical Banach fixed point argument. This argument were then applied
to the relativistic BGK model of Marle type [26] and to the quantum BGK model for non-saturated
Fermion system and the Boson system without condensation [6].
For Boltzmann equation, Ardyred et al. considered the slab problem in the framework of measure-
valued solutions [2]. Arkeryd and Nouri studied the existence of weak solutions in a series of papers
[3, 4, 5], which were extended to gas mixture problems by Brull [12, 13]. Ghomeshi considered the
existence and uniqueness of the Boltzmann equation in a slab in [20] (See also [27]). Esposito et al.
[16] studied hydrodynamic limits in a slab. All the literature reviewed on the existence is for slab
problems. For stationary problems in general domains, we refer to [17, 18, 19]
4. Estimates of The Macroscopic Parameters
Throughout this section, we assume that the velocity distribution F = (f1, f2, f3, f4) satisfies the
following inequalities:
ai,l ≤
∫
R3
fi(x, v)dv ≤ ai,u, ci,l ≤
∫
R3
|v|2fi(x, v)dv ≤ ci,u
and (∫
R3
fidv
)(∫
R3
|v|2fidv
)
−
(∫
R3
v1fidv
)2
≥ γl.
4.1. Estimates of the single component parameters. To prove the main theorems, we first
estimate the macroscopic parameters.
scmp Lemma 4.1. The single component parameters satisfy
|U (i)| ≤ ai,u + ci,u
2ai,l
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and
miγl
3ka2i,u
≤ T (i) ≤ mici,u
3kai,l
.
Proof. Firstly, |U (i)| can be written as follows:
|U (i)| = |ρ
(i)U (i)|
ρ(i)
=
| ∫
R3
vfidv|∫
R3
fidv
.
By Young’s inequality, we have∣∣∣∣ ∫
R3
vfidv
∣∣∣∣ ≤
∫
R3
fidv +
∫
R3
|v|2fidv
2
≤ ai,u + ci,u
2
,
so that
|U (i)| ≤ ai,u + ci,u
2ai,l
.
Secondly, T (i) can be expressed as
T (i) =
(3kn(i)T (i) + ρ(i)|U (i)|2)− |ρ(i)U (i)|2(ρ(i))−1
3kn(i)
=
mi
∫
R3
|v|2fidv −mi|
∫
R3
vfidv|2|(
∫
R3
fidv)
−1
3k
∫
R3
fidv
.
For the upper bound, we see that
T (i) =
mi
∫
R3
|v|2fidv −mi|
∫
R3
vfidv|2|(
∫
R3
fidv)
−1
3k
∫
R3
fidv
≤ mi
∫
R3
|v|2fidv
3k
∫
R3
fidv
≤ mici,u
3kai,l
.
For the lower bound, we have
T (i) =
mi(
∫
R3
fidv)(
∫
R3
|v|2fidv)−mi|
∫
R3
vfidv|2
3k(
∫
R3
fidv)2
≥ miγl
3ka2i,u
.

4.2. Macroscopic parameters for first model.
gm Lemma 4.2. Global macroscopic parameters U and T satisfy
|U | ≤ max
1≤i≤4
{
ai,u + ci,u
2ai,l
}
and
Tl ≤ T ≤ Tu,
where Tl := min
1≤i≤4
{
miγl
3ka2
i,u
}
and Tu :=
cu
12kal
∑4
i=1mi.
Proof. For the bound of U , we estimate as follows:
|U | ≤ 1
ρ
4∑
i=1
ρ(i)|U (i)| ≤ max
1≤i≤4
|U (i)| ≤ max
1≤i≤4
{
ai,u + ci,u
2ai,l
}
.
For the lower bound of T , we observe
4∑
i=1
ρ(i)(|U (i)|2 − |U |2) =
4∑
i=1
ρ(i)(|U (i) − U |2) ≥ 0,
which implies
T ≥
4∑
i=1
n(i)
n
T (i) ≥ min
1≤i≤4
T (i) ≥ Tl.
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For the upper bound of T , we estimate as follows:
T ≤
4∑
i=1
n(i)
n
T (i) +
1
3nk
4∑
i=1
ρ(i)|U (i)|2 = 1
3nk
4∑
i=1
mi
∫
R3
|v|2fidv ≤ cu
12kal
4∑
i=1
mi.

nl Lemma 4.3. There exists a positive lower bound for ni depeding only on the quantities given in (3.1),
(3.2) and (3.3).
Proof. We consider only the case with i = 1. By the definition
n1 = n
(1) − 1
ν1
ν3412
2√
π
Γ
(
3
2
,
∆E
kT
)
n(1)n(2)
+
1
ν1
ν3412
2√
π
Γ
(
3
2
,
∆E
kT
)
n(3)n(4)
(
m1m2
m3m4
)3/2
e∆E/kT .
Since ( 4∑
j=1
νij +
2√
π
Γ
(
3
2
,
∆E
kTu
)
ν3412
)
au ≥ ν1 ≥ ν3412
2√
π
Γ
(
3
2
,
∆E
kT
)
n(2),
we obtain
n1 ≥ 1
ν1
ν3412
2√
π
Γ
(
3
2
,
∆E
kT
)
n(3)n(4)
(
m1m2
m3m4
)3/2
e∆E/kT
≥ 2ν
34
12√
π(
∑4
j=1 ν1j +
2√
pi
Γ(32 ,
∆E
kTu
)ν3412 )au
Γ
(
3
2
,
∆E
kTl
)
(al)
2
(
m1m2
m3m4
)3/2
e∆E/kTu

ub Lemma 4.4. There exist positive upper bounds for ni, |Ui|, and Ti depending only on the quantities
given in (3.1), (3.2) and (3.3).
Proof. We have
|S| ≤ ν3412
[
µ12
µ34
e∆E/kTl + 1
]
a2u,su (4.1)
and
νi ≥
4∑
j=1
νijal,nul (4.2)
which directly implies
ni ≤ ai,u + 1∑4
j=1 νijal
ν3412
[
µ12
µ34
e∆E/kTl + 1
]
a2u.
For Ui, the triangle inequality gives
|Ui| ≤ n
(i)
ni
|U (i)|+ 2
miniνi
4∑
j=1
χijµijn
(i)n(j)(|U (j)|+ |U (i)|) + 1
niνi
|U ||S|.
Thus, Lemma 4.1 and 4.2, together with (4.1) and (4.2) give
|Ui| ≤ Cl,u.
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And for Ti, we have from Lemma 4.2 that
Ti ≤ n
(i)
ni
T (i) +
min
(i)
3kni
|U (i)|2 + 4
niνi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)T (j)
+
4
3kniνi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)(mi|U (i)|+mj |U (j)|)(|U (j)|+ |U (i)|)
+
2
3kniνi
|S|
[
1
2
mi|U |2 + 3
2
kT +
M −mi
M
kT
(∆E/kT )3/2e−∆E/kT
Γ(32 ,
∆E
kT )
+
M −mi
M
∆E
]
≤ Cl,u.

lb Lemma 4.5. There exists a positive number ǫ depeding only on the quantities defined in (3.1), (3.2)
and (3.3) such that if ǫ > ν3412 > 0, then Ti has a positve lower bound depending only on the quantities
given in (3.1), (3.2) and (3.3).
Remark 4.6. The smallness of ν3412 in Theorem 3.3 comes from this lemma.
Proof. We define Ii and IIi (i = 1, 2, 3) by
3
2
nikTi =
3kn(i)
2
(
1− 4
νi
4∑
j=1
χij
mimj
(mi +mj)2
n(j)
)
T (i) +
6k
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)T (j)
+
λi
νi
S
[
3
2
kT +
M −mi
M
∆E
(
(∆E/kT )1/2e−∆E/kT
Γ(32 ,
∆E
kT )
− 1− λi
2
)]
+
2
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)(miU
(i) +mjU
(j))(U (j) − U (i))
− 1
2
mi[niU
2
i − n(i)|U (i)|2] +
λi
νi
S 1
2
mi|U |2
= I1 + I2 + I3 + II1 + II2 + II3
(1) Estimate of I1 + I2 + I3: Since
νi ≥
4∑
j=1
νijn
(j) ≥
4∑
j=1
χijn
(j) ≥ 4
4∑
j=1
χij
mimj
(mi +mj)2
n(j),
we have I1 ≥ 0.
For the estimate of I2 + I3, we observe from Lemma 4.2 that
I3 ≥− 1
νi
|S|
[
3
2
kT +
M −mi
M
∆E
(
(∆E/kT )1/2e−∆E/kT
Γ(32 ,
∆E
kT )
+ 1
)]
≥ − 1
νi
ν3412
[
µ12
µ34
e∆E/kTl + 1
]
a2u
[
3
2
kTu +
M −mi
M
∆E
(
(∆E/kTl)
1/2e−∆E/kTu
Γ(32 ,
∆E
kTl
)
+ 1
)]
,
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so that, for sufficiently small ν3412 , we have
I2 + I3
≥ 6k
νi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
− 1
νi
ν3412
[
µ12
µ34
e∆E/kTl + 1
]
a2u
[
3
2
kTu +
M −mi
M
∆E
(
(∆E/kTl)
1/2e−∆E/kTu
Γ(32 ,
∆E
kTl
)
+ 1
)]
≥ 3k
νi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
.
(2) Estimate of II1 + II2 + II3: By straightforward computations, we get
II1 + II2 + II3 =
2
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)mj |U (j) − U (i)|2
− mini
2
|Ui − U (i)|2 + λ
i
νi
Smi
2
|U (i) − U |2.
in view 1 (4.3)
To estimate this, we note that the second term in (4.3)
mini
2
|Ui − U (i)|2 = 1
2mini
|miniUi −miniU (i)|2
=
1
2mini
∣∣∣miniUi −min(i)U (i) −miλi
νi
SU (i)
∣∣∣2
=
1
2mini
∣∣∣∣mi λiνi S(U − U (i)) + 2νi
4∑
j=1
χijµijn
(i)n(j)(U (j) − U (i))
∣∣∣∣2,
in view 2 (4.4)
where (2.5)1 and (2.5)2 were used in the second and the third line. In view of (4.3) and (4.4), we
define a function f by
f(t) =
2
νi
4∑
j=1
χij
µij
mi +mj
n(i)n(j)mj |U (j) − U (i)|2 + tmi
2
|U (i) − U |2
− 1
2mi(n(i) + t)
∣∣∣∣mit(U − U (i)) + 2νi
4∑
j=1
χijµijn
(i)n(j)(U (j) − U (i))
A
∣∣∣∣2.
Then we employ Theorem 3.1 in [1] to find f(0) ≥ 0. Moreover, by differentiating this function, we
get
f ′(t) =
mi
2
|U (i) − U |2 + 1
2mi(n(i) + t)2
∣∣∣∣mit(U − U (i)) +A∣∣∣∣2
− U − U
(i)
(n(i) + t)
·
(
mit(U − U (i)) +A
)
=
1
2mi(n(i) + t)2
|min(i)(U − U (i)) +A|2.
Since |f ′(t)| ≤ Cl,u on −ai,l/2 ≤ t ≤ ai,l/2, we obtain
f(t) ≥ f(0)− Cl,u|t| ≥ −Cl,u|t|.
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Therefore,
3
2
nikTi ≥ 3k
νi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
+ f
(λiS
νi
)
≥ 3k
νi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
− Cl,u
∣∣∣∣λiSνi
∣∣∣∣
≥ 3k
2νi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
,
where we used that (4.1), (4.2) imply that there exist a positive number ǫ depending only on the
quantities defined in (3.1), (3.2) and (3.3) such that if ǫ > ν3412 > 0, then∣∣∣∣λiSνi
∣∣∣∣ ≤ min{ai,l2 , 3k2Cl,uνi
4∑
j=1
χij
µij
mi +mj
(al)
2 miγl
(au)2
}
.
Finally, note that if ǫ > ν3412 > 0, then for i = 1, 2,
νi ≤
4∑
j=1
ν1jau +
2√
π
Γ
(
3
2
,
∆E
kTu
)
ν3412au ≤ Cl,u,
and for i = 3, 4,
νi ≤
4∑
j=1
ν3jau +
2√
π
Γ
(
3
2
,
∆E
kTu
)(
µ12
µ34
)3/2
e∆E/kTlν3412au ≤ Cl,u,
which completes the proof. 
4.3. Macroscopic parameter for the second model.
Lemma 4.7. There exist postive bounds for |U˜ | and ν˜i depending only on the quantities given in
(3.1), (3.2) and (3.3).
Proof. We obtain from Lemma 4.1 that
|U˜ | ≤
4∑
i=1
νimin
i|U i|
/ 4∑
i=1
νimin
i ≤ max
1≤i≤4
|U i| ≤ max
1≤i≤4
{
ai,u + ci,u
2ai,l
}
=: R,
and
νm1 :=
4∑
j=1
ν1jaj,l ≤ ν˜1 ≤
4∑
j=1
ν1jai,u +
(
µ34
µ12
)3/2
ν1234a2,u =: ν
M
1 ,
νm3 :=
4∑
j=1
ν3jaj,l ≤ ν˜3 ≤
4∑
j=1
ν3jaj,u + ν
12
34a4,u =: ν
M
3 .
By the same way, we have νm2 ≤ ν˜2 ≤ νM2 and νm4 ≤ ν˜4 ≤ νM4 . 
lemma48 Lemma 4.8. There exist positive lower and upper bounds for n˜1 depending only on the quantities
given in (3.1), (3.2) and (3.3).
Proof. We first set
x = (x1, x2, x3, x4), y = (y1, y2, y3, y4), µ = (µ1, µ2, µ3, µ4),
ν = (ν1, ν2, ν3, ν4), α = (α1, α2, α3, α4), β = (β1, β2, β3, β4).
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Then, for each (x,y,µ,η,α,β) ∈ (R+)20×R4, we define a map Fx,y,µ,η,α,β : Ωx,y,µ,η,α,β → (−∞,∞)
by
Fx,y,µ,η,α,β(z) = log
µ3µ4
η2
+ log z + log(µ2x2 + µ1z − η1y1)− log(η3y3 − µ1z + η1y1)
− log(η4y4 − µ1z + η1y1)−
3
2∆E
4∑
i=1
ηiyi
4∑
i=1
µixi
[
1
2mi(β
2
i ) +
3
2kαi
]
+∆E(µ1z − η1y1)
,
where the domain Ωx,y,µ,η,α,β is given by
Ωx,y,µ,η,α,β ={z > 0} ∩ {µ2x2 + µ1z − η1y1 > 0} ∩ {η3y3 − µ1z + η1y1 > 0}
∩ {η4y4 − µ1z + η1y1 > 0}
∩
{ 4∑
i=1
µixi
[1
2
mi(β
2
i ) +
3
2
kαi
]
+∆E(µ1z − η1y1) > 0
}
.
We mention that Ωx,y,µ,η,α,β is always non-empty since η1y1/µ1 always belongs to Ωx,y,µ,η,α,β.
We note that, for each (x,y,µ,η,α,β) ∈ (R+)20 × R4, Fx,y,µ,η,α,β is a strictly increasing sur-
jective function with respect to z on Ωx,y,µ,η,α,β. Also, for fixed z, the function (x,y,µ,η,α,β) 7→
Fx,y,µ,η,α,β(z) is decreasing in xi, µi, αi, |βi| (i = 1, 2, 3, 4), and increasing in yi, ηi (i = 1, 2, 3, 4), as
long as the function is well-defined.
Now, taking logarithms on both sides of (2.9) yields (with x replaced by n˜1)
Fn,n,ν˜,ν˜,T,V(n˜1) =
3
2
log
(
µ12
µ34
)
,
where we used the following notations:
n = (n(i))i=1,2,3,4, ν˜ = (ν˜i)i=1,2,3,4,T = (T
(i))i=1,2,3,4,V = (|U (i) − U˜ |2)i=1,2,3,4.
Therefore, there exists the unique function G : (R+)
20 × R4 → R+ satisfying
G(x,y,µ,η,α,β) = F−1
x,y,µ,η,α,β
(
3
2
log
(
µ12
µ34
))
and furthermore, G is decreasing in xi, µi, αi, |βi| (i = 1, 2, 3, 4), and increasing in yi, ηi (i = 1, 2, 3, 4).
Therefore, we obtain
0 < G(au, al,ν
M ,νm, Tu1, 2R1) ≤ n˜1 = G(n,n, ν˜, ν˜,T,V) ≤ G(al, au,νm,νM , Tl1,0)
where we used the following notations:
al = (ai,l)i=1,2,3,4, au = (ai,u)i=1,2,3,4, ν
m = (νm)i=1,2,3,4, ν
M = (νM )i=1,2,3,4,
n = (n(i))i=1,2,3,4, ν˜ = (ν˜i)i=1,2,3,4,T = (T
(i))i=1,2,3,4,1 = (1, 1, 1, 1),0 = (0, 0, 0, 0),
V = (|U (i) − U˜ |2)i=1,2,3,4.

Corollary 4.1. There exist positive lower and upper bounds for n˜2 depending only on the quantities
given in (3.1), (3.2) and (3.3).
Proof. By the definition (2.11), we know ν˜2(n˜2 − n(2)) = ν˜1(n˜1 − n(1)), which implies the following
equality:
ν˜3ν˜4
ν˜1ν˜2
ν˜2n˜2[ν˜1n
(1) + ν˜2(n˜2 − n(2))]
[ν˜3n(3) − ν˜2(n˜2 − n(2))][ν˜4n4 − ν˜2(n˜2 − n(2))]
exp
(
− ∆E
kT˜ (n˜2)
)
=
(
µ12
µ34
)3/2
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and
T˜ (n˜2) =
{ 4∑
i=1
ν˜in
(i)
[1
2
mi(|U (i)|2 − |U˜ |2) + 3
2
kT (i)
]
+∆Eν˜2(n˜2 − n2)
}/(
3
2
k
4∑
i=1
ν˜in
(i)
)
.
Repeating the argument used in Lemma 4.8, we obtain the desired result. 
Corollary 4.2. There exist positive lower and upper bounds for n˜3 and n˜4 depending only on the
quantities given in (3.1), (3.2) and (3.3).
Proof. We rewrite (2.11) as
ν˜3(n˜3 − n(3)) = −ν˜1(n˜1 − n(1))note that (4.5)
and plug this into (2.10) to get
ν˜3ν˜4
ν˜1ν˜2
[ν˜1n
(1) − ν˜3(n˜3 − n(3))][ν˜2n(2) − ν˜3(n˜3 − n(3))]
ν˜3n˜3[ν˜4n(4) + ν˜3(n˜3 − n(3))] exp
(
− ∆E
kT˜ (n˜3)
)
=
(
µ12
µ34
)3/2
,
where T˜ (n˜3) is defined by
T˜ (n˜3) :=
{ 4∑
i=1
ν˜in
(i)
[1
2
mi(|U (i)|2 − |U˜ |2) + 3
2
kT (i)
]
−∆Eν˜3(n˜3 − n3)
}/(
3
2
k
4∑
i=1
ν˜in
(i)
)
.
Note that T˜ (n˜3) is obtained by inserting (4.5) into (2.12).
Now, for each (x,y,µ,η,α,β) ∈ (R+)20 × R4, we define a map Hx,y,µ,η,α,β : Ω′x,y,µ,η,α,β →
(−∞,∞) by
Hx,y,µ,η,α,β(z) = log
µ4
η1η2
− log z + log(µ1x1 − η3z + µ3x3) + log(µ2x2 − η3z + µ3x3)
− log(η4y4 + η3z − µ3x3)−
3
2∆E
4∑
i=1
ηiyi
4∑
i=1
µixi
[
1
2mi(β
2
i ) +
3
2kαi
]
−∆E(η3z − µ3x3)
,
where
Ω′x,y,µ,η,α,β ={z > 0} ∩ {µ1x1 − η3z + µ3x3 > 0} ∩ {µ2x2 − η3z + µ3x3 > 0}
∩ {η4y4 + η3z − µ3x3 > 0}
∩
{ 4∑
i=1
µixi
[1
2
mi(β
2
i ) +
3
2
kαi
]
−∆E(η3z − µ3x3) > 0
}
.
For each (x,y,µ,η,α,β) ∈ (R+)20 × R4, Hx,y,µ,η,α,β is a strictly decreasing surjective function on
Ωx,y,µ,η,α,β. Hence there exists the unique function J : (R+)
20 × R4 → R+ satisfying
J(x,y,µ,η,α,β) = H−1x,y,µ,η,α,β
(
3
2
log
(
µ12
µ34
))
.
As in the proof of Lemma 4.8, J is increasing in xi, µi, αi, |βi| (i = 1, 2, 3, 4), and decreasing in yi, ηi
(i = 1, 2, 3, 4). Hence the following inequality holds:
0 < J(al, au,ν
m,νM , Tu1, 2R1) ≤ n˜3 ≤ J(au, al,νM ,νm, Tl1,0).
The proof for n˜4 is similar. We omit it. 
Lemma 4.9. There exist positive lower and upper bounds for T˜ depending only on the quantities
given in (3.1), (3.2) and (3.3).
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Proof. From (2.12) we get the following relation:
T˜ ×A−B = ν˜1(n˜1 − n1),TA-B (4.6)
where
A =
3
2
k
4∑
i=1
ν˜in
(i)/∆E,
B =
4∑
i=1
ν˜in
(i)
[1
2
mi(|U (i) − U˜ |2) + 3
2
kT (i)
]
/∆E.
Plugging (4.6) into (2.10), we have
ν˜3ν˜4
ν˜1ν˜2
[ν˜1n
(1) + T˜ ×A−B][ν˜2n(2) + T˜ ×A−B]
[ν˜3n(3) − T˜ ×A+B][ν˜4n(4) − T˜ ×A+B]
exp
(
− ∆E
kT˜
)
=
(
µ12
µ34
)3/2
.
For each (x1, x2, y3, y4,µ,η, a, b) ∈ (R+)14, we define a strictly increasing functionK : Λx1,x2,y3,y4,µ,η,a,b →
(0,∞) by
Kx1,x2,y3,y4,µ,η,a,b(z) :=
µ3µ4
η1η2
(µ1x1 + az − b)(µ2x2 + az − b)
(η3y3 − az + b)(η4y4 − az + b) exp
(
− ∆E
kz
)
where
Λµ,ν,α,β,a,b ={x > 0} ∩ {µ1x1 + az − b} ∩ {µ2x2 + az − b} ∩ {η3y3 − az + b}
∩ {η4y4 − az + b}.
Note that there exist positive constants Al, Au, Bl, Bu depending only on the parameters given in
(3.1), (3.2) and (3.3) such that Al ≤ A ≤ Au and Bl ≤ B ≤ Bu. In the same way as in the proof of
Lemma 4.8, we have the following inequality:
0 < K−1
au,au,al,al,ν
M ,νm,Au,Bl
((µ12
µ34
)3/2)
≤ T˜ ≤ K−1
al,al,au,au,ν
m,νM ,Al,Bu
((µ12
µ34
)3/2)
.

5. Fixed point set-up
We prove our main theorem applying Banach fixed point theorm to a solution operator defined
from the mild form in an appropriately constructed solution space. We define our solution space as
follows:
Ω =
{
f = (f1, f2, f3, f4) ∈ (L∞([0, 1]x;L12(R3v)))4 | fi satisfies (A), (B), (C)
}
with the metric d(f, g) =
4∑
i=1
sup
x∈[0,1]
||fi − gi||L1
2
, where (A), (B), and (C) denote
(A) fi are non-negative.
(B) The macroscopic quantities satisfy the followings:
ai,l ≤
∫
R3
fi(x, v)dv ≤ ai,u, ci,l ≤
∫
R3
|v|2fi(x, v)dv ≤ ci,u,
(C) The following lower bound holds:(∫
R3
fidv
)(∫
R3
|v|2fidv
)
−
(∫
R3
vfidv
)2
≥ γl.
16 DOHEON KIM, MYEONG-SU LEE, AND SEOK-BAE YUN
And we define our solution map for the slow reaction model (2.3) Φ : Ω→ Φ(Ω) by Φ(f1, f2, f3, f4) =
(φ1, φ2, φ3, φ4) where φi is defined as below
φi(x, v) =
(
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νi(z)dzνiMidy
)
1v1>0
+
(
e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
νi(z)dzνiMidy
)
1v1<0.
For simplicity, we denote φi = φ
+
i + φ
−
i , where
φ+i (x, v) = e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νi(z)dzνiMidy,
φ−i (x, v) = e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
νi(z)dzνiMidy.
In a similar manner, we define our solution map for the fast reaction model (2.6) Φ˜ : Ω → Φ˜(Ω) by
Φ˜(f1, f2, f3, f4) = (φ˜1, φ˜2, φ˜3, φ˜4) where φ˜i is defined as below
φ˜i(x, v) =
(
e
− 1
τ|v1|
∫
x
0
ν˜i(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
ν˜i(z)dz ν˜iM˜idy
)
1v1>0
+
(
e
− 1
τ|v1|
∫
1
x
ν˜i(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
ν˜i(z)dz ν˜iM˜idy
)
1v1<0.
For simplicity, we denote φ˜i = φ˜
+
i + φ˜
−
i , where
φ˜+i (x, v) = e
− 1
τ|v1|
∫
x
0
ν˜i(y)dyfi,L(v) +
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
ν˜i(z)dz ν˜iM˜idy,
φ˜−i (x, v) = e
− 1
τ|v1|
∫
1
x
ν˜i(y)dyfi,R(v) +
1
τ |v1|
∫ 1
x
e
− 1
τ|v1|
∫
y
x
ν˜i(z)dz ν˜iM˜idy.
To apply the Banach fixed point theorem and conclude our main results, we need to prove that Φ
(Φ˜) maps Ω into Ω, and Φ (Φ˜) is a contraction on Ω, under the assumption of Theorem 3.3 (Theorem
3.4). These are proved respectively in Proposition 6.1 in Section 6 and Proposition 7.1 in Section 7.
6. Φ maps Ω into itself
The main goal of this section is stated in the following proposition. Since the arguments are similar,
we provide detail mainly for the solution operator Φ for the slow reaction model 2.3.
gamma in gamma Proposition 6.1. (1) Assume the assumptions in Threom 3.3 are satisfied. Let f ∈ Ω. Then,
Φ(f) ∈ Ω for sufficiently large τ .
(2) Assume the assumptions in Threom 3.4 are satisfied. Let f ∈ Ω. Then, Φ˜(f) ∈ Ω for sufficiently
large τ .
Remark 6.1. We only consider the slow reaction model. The proof for the fast reaction model is
identical.
Proof. The proof is divided into Lemma 6.3, Lemma 6.5, Lemma 6.6, and Lemma 6.8 below. 
.
estimate4 Lemma 6.2. Let f ∈ Ω. Then there exist positive constants Cl,u such that
Mi(1 + |v|2) ≤ Cl,u exp
(
− Cl,u|v|2
)
.
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Proof. Lemma 4.4 and 4.5 imply that
Mi = ni
(
mi
2kπTi
)3/2
exp
(
− mi|v − Ui|
2
2kTi
)
≤ Cl,u exp
(−mi|v − Ui|2
2kTi
)
≤ Cl,u exp
(
mi|Ui|2
2kTi
)
exp
(−mi|v|2
4kTi
)
≤ Cl,u exp
(
− Cl,u|v|2
)
.
And for |v|2M1, we know
|v|2Mi ≤ Cl,u exp
(
− Cl,u|v|2
)
|v|2 ≤ Cl,u exp
(
− Cl,u|v|2
)
,
where we use x2e−x
2
< C for some C > 0. 
prop1 Lemma 6.3. Let f ∈ Ω. Assume fi,L and fi,R satisfy all assumptions in Theorem 3.3. Then
φi ≥ 0.
Proof. By Lemma 4.4, we have
Mi = ni
(
mi
2πkTi
)3/2
exp
(
− mi|v − Ui|
2
2kTi
)
≥ ai,l
(
mi
2πkTu
)3/2
exp
(
− mi|v − Ui|
2
2kTi
)
> 0.
Hence,
φi ≥ e−
1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)1v1>0 + e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v)1v1<0 ≥ 0.

l Lemma 6.4. Assume fi,L and fi,R satisfy all assumptions in Theorem 3.3. Then, for sufficiently
large τ , we have ∫
v1>0
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)
 1|v1|
|v|2
 dv ≥ 1
4
∫
v1>0
fi,L(v)
 1|v1|
|v|2
 dv
and ∫
v1<0
e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v)
 1|v1|
|v|2
 dv ≥ 1
4
∫
v1<0
fi,R(v)
 1|v1|
|v|2
 dv.
Proof. Take r > 0 small enough so that∫
v1≥r
fi,L(v)dv ≥ 1
2
∫
v1>0
fi,L(v)dv.
Then for sufficiently large τ ,∫
v1>0
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,R(v)dv ≥ e−
Cl,u
τr
∫
v1>r
fi,Ldv ≥ 1
4
∫
v1>0
fi,Ldv = ai,l.
Other estimates can be proved by the same argument. We omit it. 
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prop2 Lemma 6.5. Assume f ∈ Ω and fi,L and fi,R satisfy the assumptions in Theorem 3.3. Then we have
ai,l ≤
∫
R3
φi dv, ci,l ≤
∫
R3
|v|2φi dv.
Proof. We know
φi ≥ e−
1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)1v1>0 + e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v)1v1>0.
Intergrating with respect to dv and |v|2dv, we obtain from Lemma 6.4 that∫
R3
φidv ≥ ai,l
and ∫
R3
|v|2φidv ≥ c1,l.

prop3 Lemma 6.6. Let f ∈ Ω. Assume fi,L and fi,R satisfy the assumptions in Theorem 3.3. Then for
τ > 0 sufficiently large, we have∫
R3
φidv ≤ ai,u,
∫
R3
|v|2φidv ≤ ci,u.
Proof. We define I and II from∫
R3
φ+i dv =
∫
v1>0
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)dv
+
∫
v1>0
∫ x
0
1
τ |v1|e
− 1
τ|v1|
∫
x
y
νi(z)dzνiMidydv
=I + II.
For I, we have, ∫
v1>0
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)dv ≤
∫
v1>0
fi,L(v)dv.I (6.1)
By Lemma 6.2, we compute II as∫
v1>0
∫ x
0
1
τ |v1|e
− 1
τ|v1|
∫
x
y
νi(z)dzνiMidv
≤Cl,u
∫
v1>0
∫ x
0
1
τ |v1|e
−∑4r=1 νiral/τ |v1|(x−y)e−Cl,u|v|
2
dydv
≤Cl,u
(∫ x
0
∫
v1>0
1
τ |v1|e
−∑4
r=1
νiral/τ |v1|(x−y)e−Cl,u|v1|
2
dv1dy
)
×
(∫
R2
e−Cl,u(|v2|
2+|v3|2)dv2dv3
)
≤Cl,u
∫ x
0
∫
v1>0
1
τ |v1|e
−∑4
r=1
νiral/τ |v1|(x−y)e−Cl,u|v1|
2
dv1dy
=:Cl,uII.
computation (6.2)
We divide the domain of integration as follows:
II =
{∫ x
0
∫
0<v1<
1
τ
+
∫ x
0
∫
1
τ
<v1<τ
+
∫ x
0
∫
τ<v1
}
1
τ |v1|e
−∑4r=1 νiral/τ |v1|(x−y)e−Cl,u|v1|
2
dv1dy
=: A+B + C.
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For A, we compute
A =
∫
0<v1<
1
τ
∫ x
0
1
τ |v1|e
−∑4
r=1
νiral/τ |v1|(x−y)e−Cl,u|v1|
2
dydv1
=
1∑4
r=1 νiral
∫
0<v1<
1
τ
(
1− e−
∑
4
r=1 νiral/τ |v1|x
)
e−Cl,u|v1|
2
dv1
≤ 1∑4
r=1 νiral
∫
0<v1<
1
τ
1 dv1
≤ 1∑4
r=1 νiral
,
where we used 1− e−
ν1
|v1| ≤ 1 and e−Cl,u|v1|2 ≤ 1. Similarly we estimate B as
B ≤ 1∑4
r=1 νiral
∫
1
τ
<v1<τ
(
1− e−
∑
4
r=1
νiral/τ |v1|x
)
e−Cl,u|v1|
2
dv1
≤
∫
1
τ
<v1<τ
1
τ |v1|dv1
=
2
τ
ln τ,
where we used 1− e−x ≤ x.
Finally, we compute
C ≤
∫
τ<v1
∫ x
0
1
τ |v1|e
−∑4
r=1
νiral/τ |v1|(x−y)e−Cl,u|v1|
2
dydv1
≤ 1
τ2
∫
R
e−Cl,u|v1|
2
dv1
≤ Cl,u 1
τ2
.
Summarizing the estimates for A,B and C, we obtain
II ≤ Cl,u
{
1
τ
+
ln τ
τ
+
1
τ2
}
≤ Cl,u
{
ln τ + 1
τ
}
.II (6.3)
Combining (6.1) with (6.3), we have∫
R3
φ+i dv ≤
∫
v1>0
fI,L(v)dv + Cl,u
{
ln τ + 1
τ
}
.
We can derive similar estimate for φ−i :∫
R3
φ−i dv ≤
∫
v1<0
fI,R(v)dv + Cl,u
{
ln τ + 1
τ
}
,
and hence ∫
R3
φidv ≤ au
2
+ Cl,u
{
ln τ + 1
τ
}
.
By choosing sufficiently large τ > 0, we get the desired result. The proof for the second estimate is
almost identical. We omit it. 
estimate7 Lemma 6.7. Let f ∈ Ω. Assume fi,L and fi,R satisfy the assumptions in Theorem 3.3. Then for
j = 2, 3, we have ∣∣∣∣ ∫
R3
φivjdv
∣∣∣∣ ≤ Cl,u( ln τ + 1τ
)
.
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Proof. We consider this only for φ+i because the other case can be proved by similar ways. Integrating
φ+i with respect to v2dv2dv3, we have∫
R2
φ+i v2dv2dv3 = e
− 1
τ|v1|
∫
x
0
νi(y)dy
∫
R2
fi,L(v)v2dv2dv3
+
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νi(z)dzνi(y)
(∫
R2
Miv2dv2dv3
)
dy.
By our assumption on fi,L, it can be reduced to the following:∫
R2
φ+i v2dv2dv3 =
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νi(z)dzνi(y)
(∫
R2
Miv2dv2dv3
)
dy.computation2 (6.4)
As in the computation in (6.2), we see∫
R2
Miv2dv2dv3 ≤ Cl,ue−Cl,u|v1|
2
∫
R2
e−Cl,u(|v2|
2+|v3|2)|v2|dv2dv3
≤ Cl,ue−Cl,u|v1|
2
.
Substituting this in (6.4) and then integrating on v1 > 0, we get∫
R3
φ+i v2dv ≤ Cl,u
∫ x
0
∫
v1>0
1
τ |v1|e
− 1
τ|v1|
∫
x
y
νi(z)dze−Cl,u|v1|
2
dv1dy
≤ Cl,u
{
ln τ + 1
τ
}
where we had the last inequality from (6.2) and (6.3). 
prop4 Lemma 6.8. Let f ∈ Ω. Assume fi,L and fi,R satisfy the assumptions in Theorem 3.3. Then, for
sufficiently large τ > 0, we have(∫
R3
φidv
)(∫
R3
φi|v|2dv
)
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2 ≥ γl.
Proof. Applying the Cauchy-Schwarz inequality, we have(∫
R3
φidv
)(∫
R3
φi|v|2dv
)
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2
≥
(∫
R3
φi|v|dv
)2
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2
≥
(∫
R3
φi|v1|dv
)2
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2.
And we decompose the last term as(∫
R3
φi|v1|dv
)2
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2
=
(∫
R3
φi|v1|dv
)2
−
[(∫
R3
φiv1dv
)2
+
(∫
R3
φiv2dv
)2
+
(∫
R3
φiv3dv
)2
=:R
]
.
In view of Lemma 6.7, we have
R ≤ Cl,u
(
ln τ + 1
τ
)
.
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On the other hand, since(∫
R3
φi|v1|dv
)2
−
(∫
R3
φiv1dv
)2
≥
(∫
R3
φi(|v1|+ v1)dv
)(∫
R3
φi(|v1| − v1)dv
)
= 4
(∫
v1>0
φi|v1|dv
)(∫
v1<0
φi|v1|dv
)
,
Lemma 6.4 implies that(∫
R3
φi|v1|dv
)2
−
(∫
R3
φiv1dv
)2
≥ 4
(∫
v1>0
e
− 1
τ|v1|
∫
x
0
νi(y)dyfi,L(v)|v1|dv
)(∫
v1<0
e
− 1
τ|v1|
∫
1
x
νi(y)dyfi,R(v)|v1|dv
)
≥ 1
4
(∫
v1>0
fi,L(v)|v1|dv
)(∫
v1<0
fi,R(v)|v1|dv
)
= 4γl.
In conclusion, for sufficiently large τ > 0, we obtain(∫
R3
φidv
)(∫
R3
φi|v|2dv
)
−
∣∣∣∣ ∫
R3
φivdv
∣∣∣∣2
≥ 4γl − Cl,u
(
ln τ + 1
τ
)
≥ γl.

7. Φ is contractive in Ω
It remains to show the solution map Φ and Φ˜ are contraction maps. We start with the esitmates
for the single component macroscopic fields and global macroscopic fields, which holds commonly for
the first and second model.
lemma45 Lemma 7.1. Let f = (f1, f2, f3, f4), g = (g1, g2, g3, g4) ∈ Ω. Then we have:
(1) The single component macroscopic parameters satisfy
|n(i)f − n(i)g |, |U (if − U (i)g |, |T (i)f − T (i)g | ≤ Cl,u sup
x∈[0,1]
||fi − gi||L1
2
.
(2) The global macroscopic parameters satisfy
|nf − ng|, |Uf − Ug|, |Tf − Tg| ≤ Cl,ud(f, g).
Proof. (1) The first estimate is straightforward:
|n(i)f − n(i)g | =
∫
R3
|fi − gi|dv ≤ sup
x∈[0,1]
||fi − gi||L1
2
.
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For the second estimate, we use ρ
(i)
f ≥ miai,l to get
|U (i)f − U (i)g | ≤
1
ρ
(i)
f
|ρ(i)f U (i)f − ρ(i)g U (i)g |+
1
ρ
(i)
f
|ρ(i)f − ρ(i)g | |U (i)g |
≤ mi
ρ
(i)
f
∫
R3
|fi − gi| |v|dv + mi|U
(i)
g |
ρ
(i)
f
∫
R3
|fi − gi|dv
≤ Cl,u sup
x∈[0,1]
||fi − gi||L1
2
.
For the third estimate, we decompose
|T (i)f − T (i)g | ≤
1
n
(i)
f
|n(i)f T (i)f − n(i)g T (i)g |+
1
n
(i)
f
|n(i)f − n(i)g | |T (i)g |
≤ mi
3kn
(i)
f
∫
R3
∣∣∣∣fi|v − U (i)f |2 − gi|v − U (i)g |2∣∣∣∣dv + mi|T (i)g |
n
(i)
f
∫
R3
|fi − gi|dv
= I + II.
Then, n
(i)
f ≥ ai,l and Lemma 4.1 gives
II ≤ Cl,u sup
x∈[0,1]
||fi − gi||L1
2
,
and
I ≤ mi
kai,l
∫
R3
∣∣∣∣fi|v − U (i)f |2 − gi|v − U (i)g |2∣∣∣∣dv
≤ mi
kai,l
∫
R3
∣∣∣∣(fi − gi)|v − U (i)f |2 + gi(|v − U (i)f |2 − |v − U (i)g |2)∣∣∣∣dv
=
mi
kai,l
∫
R3
∣∣∣∣(fi − gi)|v − U (i)f |2 + gi(2v − U (i)f − U (i)g )(U (i)f − U (i)g )∣∣∣∣dv
≤ Cl,u
∫
R3
|fi − gi|(1 + |v|2) + |gi|(1 + |v|)|U (i)f − U (i)g |dv
≤ Cl,u sup
x∈[0,1]
||fi − gi||L1
2
.
(2) The estimates for the global macroscopic parameters follows directly from (1). We omit the
proof. 
And then, we consider the estimates for the reactive parameters and the collision frequency for the
first model (2.3).
lemma455 Lemma 7.2. Let f = (f1, f2, f3, f4), g = (g1, g2, g3, g4) ∈ Ω. Then we have
|nf,i − ng,i|, |Uf,i − Ug,i|, |Tf,i − Tg,i|, |νf,i − νg,i| ≤ Cl,u
4∑
j=1
sup
x∈[0,1]
||fj − gj ||L1
2
.
Proof. We first establish the following claim:
|Sf − Sg| ≤ Cl,ud(f, g),S (7.1)
and
|νf,i − νg,i| ≤ Cl,u
4∑
j=1
sup
x∈[0,1]
||fj − gj||L1
2
.SS (7.2)
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For simplicity, we donote K(x) = Γ(3/2, x)ex and compute
|Sf − Sg| ≤Cl,u
[ ∣∣∣∣K(∆EkTf
)
−K
(
∆E
kTg
)∣∣∣∣n(3)f n(4)f +K(∆EkTg
)
|n(3)f − n(3)g |n(4)f
+K
(
∆E
kTg
)
n(3)g |n(4)f − n(4)g |
]
+ Cl,u
[ ∣∣∣∣Γ(32 , ∆EkTf
)
− Γ
(
3
2
,
∆E
kTg
)∣∣∣∣n(3)f n(4)f + Γ(32 , ∆EkTg
)
|n(3)f − n(3)g |n(4)g
+ Γ
(
3
2
,
∆E
kTg
))
n(3)g |n(4)f − n(4)g |
]
.
S2 (7.3)
Since f, g ∈ Ω, Tf and Tg are bounded from below and above by constants defined in terms of constants
given in (3.1), (3.2) and (3.3) (Lemma 4.1). Therefore, since K and Γ are continuously differentiable,
we derive
K
(
∆E
kTg
)
, Γ
(
3
2
,
∆E
kTg
)
≤ Cl,u
and ∣∣∣∣K(∆EkTf
)
−K
(
∆E
kTg
)∣∣∣∣, ∣∣∣∣Γ(32 , ∆EkTf
)
− Γ
(
3
2
,
∆E
kTg
)∣∣∣∣
≤ Cl,u
∣∣∣∣∆EkTf − ∆EkTg
∣∣∣∣ by the Mean value theorem
≤ Cl,u
∣∣∣∣∆E(Tg − Tf)kTfTg
∣∣∣∣
≤ Cl,u|Tf − Tg|
Combining these with (7.3) and Lemma 7.1 proves the first estimate of the claim. Once (7.1) is
established, the second estimate of the claim follows directly from the definition of νi and Lemma 7.1.
From (7.1) and (7.2), we have
|nf,i − ng,i| ≤|n(i)f − n(i)g |+ |Sf |
∣∣∣∣νf,i − νg,iνf,iνg,i
∣∣∣∣+ 1νg,i |Sf − Sg|
≤Cl,u
4∑
j=1
sup
x∈[0,1]
||fj − gj||L1
2
.
We recall the definition of Ui
Ui =
n(i)
ni
U (i) +
2
miνi
4∑
j=1
χijµij
n(i)
ni
n(j)(U (j) − U (i)) + λi
niνi
US,
and use (7.1), (7.2) and Lemma 4.1 to get
|Uf,i − Ug,i| ≤ Cl,u
4∑
j=1
sup
x∈[0,1]
||fj − gj ||L1
2
.
The proof for the remaining estimates are almost identical, we omit it. 
And then, we consider the estimates for the reactive parameters and the collision frequency for the
first model (2.3).
Lemma 7.3. Let f = (f1, f2, f3, f4), g = (g1, g2, g3, g4) ∈ Ω. Then we have
|n˜f,i − n˜g,i|, |U˜f − U˜g|, |T˜f − T˜g|, |ν˜f,i − ν˜g,i| ≤ Cl,u
4∑
j=1
sup
x∈[0,1]
||fj − gj ||L1
2
.
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Proof. We recall from the proof of (4.8) that n˜f,1 = G(nf ,nf , ν˜f , ν˜f ,Tf ,Vf ) and n˜g,1 = G(ng,ng, ν˜g, ν˜g,Tg,Vg),
and for each (x,y,µ,η,α,β) ∈ (R+)20 × R4 we have
d
dz
Fx,y,µ,η,α,β(z) =
1
z
+
µ1
µ2x2 + µ1z − η1y1 +
µ1
η3y3 − µ1z + η1y1
+
µ1
η4y4 − µ1z + η1y1 +
3
2 (∆E)
2µ1
4∑
i=1
ηiyi[
4∑
i=1
µixi
(
1
2mi(β
2
i ) +
3
2kαi
)
+∆E(µ1z − η1y1)
]2 > 0.
By Implicit function theorem, G is continuously differentiable at all (x,y,µ,η,α,β) ∈ (R+)20 × R4.
Hence the gradient of G is bounded on the following compact set:
K := [al, au]
8 × [νm, νM ]8 × [Tl, Tu]4 × [−R,R]4.
Therefore, by the mean value theorem, we get
|n˜f,1 − n˜g,1| ≤ max
(x,y,µ,η,α,β)∈K
|∇G(x,y,µ,η,α,β)|
× |(nf ,nf , ν˜f , ν˜f ,Tf ,Vf )− (ng,ng, ν˜g, ν˜g,Tg,Vg)|.
These, together with Lemma 7.1 imply |n˜f,1 − n˜f,2| ≤ Cl,u
∑4
j=1 sup
x∈[0,1]
||fj − gj ||L1
2
. The proof for the
other estimates are, albeit more tedious, essentially same. We omit it. 
estimate8 Lemma 7.4. Let f = (f1, f2, f3, f4) ∈ Ω and g ∈ (g1, g2, g3, g4) ∈ Ω. Then, we have
|M(fi)−M(gi)| ≤ Cl,ud(f, g),
and
|M˜(fi)− M˜(gi)| ≤ Cl,ud(f, g).
Proof. Since the proof is identical, we only consider the first estimate. We denoteM(fi) :=M(mi, nf,i, Uf,i, Tf,i),
M(gi) :=M(mi, ng,i, Ug,i, Tg,i) and apply Taylor expansion to write M(fi)−M(gi) as
M(fi)−M(gi) =(nf,i − ng,i)
∫ 1
0
∂M(θ)
∂n
dθ
+ (Uf,i − Ug,i)
∫ 1
0
∂M(θ)
∂U
dθ
+ (Tf,i − Tg,i)
∫ 1
0
∂M(θ)
∂T
dθ
=: A+B + C,
where
∂M(θ)
∂X
=
∂M(θ)
∂X
(mi, nθ, Uθ, Tθ)
for (nθ, Uθ, Tθ) = (1− θ)(nf,i, Uf,i, Tf,i) + θ(ng,i, Ug,i, Tg,i). For A, we observe
∂M(θ)
∂n
=
1
nθ
M(θ),
so that ∣∣∣∣∂M(θ)∂ρ
∣∣∣∣ ≤ Cl,ue−Cl,u|v|2 ,
from Lemma 6.2.
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For B, we similarly observe
∂M(θ)
∂U
=
mi(v − Uθ)
kTθ
M(θ),
which implies ∣∣∣∣∂M(θ)∂U
∣∣∣∣ ≤ Cl,u(1 + |v|)M(θ)
≤ Cl,ue−Cl,u|v|
2
,
by Lemma 6.2 and Lemma 4.4.
Finally, we compute the derivative w.r.t T as
∂M(θ)
∂T
=
{
− 3
2Tθ
+
mi|v − Uθ|2
2kT 2θ
}
M(θ),
and apply Lemma 6.2, Lemma 4.4 and Lemma 4.5 to get∣∣∣∣∂M(θ)∂T
∣∣∣∣ ≤ Cl,u(1 + |v|2)e−Cl,u|v|2 ≤ Cl,ue−Cl,u|v|2 .
Combining all these estimates, we obtain
|M(fi)−M(gi)| ≤ Cl,u
{
|nf,i − ng,i|+ |Uf,i − Ug,i|+ |Tf,i − Tg,i|
}
e−Cl,u|v|
2
.
This, together with Lemma 7.1, gives the desired result. 
Contraction Proposition 7.1. Assume fi,L and fi,R satisfy the assumptions in Theorem 3.3 or 3.4. Let f =
(f1, f2, f3, f4), g ∈ (g1, g2, g3, g4) ∈ Ω. Then there exists a α ∈ (0, 1) such that
d(Φ(f),Φ(g)) ≤ αd(f, g).
and
d(Φ˜(f), Φ˜(g)) ≤ αd(f, g).
if τ is taken sufficiently large.
Proof. The proof is almost identical for both case. We only consider the first estimate. Also, we only
compute |φ+(fi)− φ+(gi)| because the argument for |φ−(fi)− φ−(gi)| is same.
Consider
φ+(fi)− φ+(gi) =
{
e
− 1
τ|v1|
∫
x
0
νf,i(y)dy − e− 1τ|v1|
∫
x
0
νg,i(y)dy
}
f1,L(v)
+
1
τ |v1|
(∫ x
0
e
− 1
τ|v1|
∫
x
y
νf,i(z)dzνf,i(y)M(fi)dy
−
∫ x
0
e
− 1
τ|v1|
∫
x
y
νg,i(z)dzνg,i(y)M(g1)dy
)
= I + II.
By the mean value theorem, there exists 0 < θ < 1 such that
I =
{
e
− 1
τ|v1|
∫
x
0
νf,i(y)dy − e− 1τ|v1|
∫
x
0
νf,i(y)dy
}
fi,L(v)
= − 1
τ |v1|e
− 1
τ|v1|
∫
x
0
(1−θ)νf,i(y)+θνg,i(y)dy
(∫ x
0
{
νf,i(y)− νg,i(y)
}
dy
)
fi,L(v).
I2 (7.4)
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Therefore, by n
(i)
f , n
(i)
g ≥ al, and Lemma 7.1, we obtain
|I| ≤ 1
τ |v1|
(
e
− 1
τ|v1|
∫
x
0
∑
4
j=1
νijaldy
∫ x
0
|νf,i − νg,i|dy
)
f1,L(v)
≤ Cl,u
τ |v1|e
−
∑4
j=1
νijal
τ|v1| f1,Ld(f, g)
≤ Cl,u
τ |v1|f1,Ld(f, g).
I3 (7.5)
We divide the estimate of II into the following three parts. First, by a similiar way as in the proof
for I, we estimate the difference of integrating factor as
1
τ |v1|
∣∣∣∣ ∫ x
0
e
− 1
τ|v1|
∫
x
y
νf,i(z)dzνf,i(y)M(fi)dy −
∫ x
0
e
− 1
τ|v1|
∫
x
y
νg,i(z)dzνf,i(y)M(fi)dy
∣∣∣∣
≤ 1
τ |v1|
∫ x
0
1
τ |v1|e
− 1
τ|v1|
∫
x
y
(1−θ)νf,i(z)+θνg,i(z)dz
∫ x
y
|νf,i(z)− νg,i(z)|dz νf,i(y)M(fi)dy
≤
(
Cl,u
τ |v1|
∫ x
0
1
τ |v1|e
−
∑4
j=1
νijal
τ|v1| M(fi)dy
)
d(f, g)
≤
(
Cl,u
τ |v1|
∫ x
0
e
−
∑
4
j=1
νijal
2τ|v1| M(fi)dy
)
d(f, g),
II2 (7.6)
where we used that xe−x < C for some C > 0. Secondly we use (7.2) to estimate the difference of the
collision frequency:
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νg,i(z)dz|νf,i(y)− νg,i(y)|M(f1)dy
≤ Cl,u
τ |v1|
∫ x
0
e
−
∑
4
j=1
νijal
τ|v1|
(x−y)M(f1)dy · d(f, g).
II3 (7.7)
Finally, by Lemma 7.4), we estimate the difference of the Maxwellians:
1
τ |v1|
∫ x
0
e
− 1
τ|v1|
∫
x
y
νg,i(z)dzνg,i(z)
{M(fi)−M(gi)} dy
≤ Cl,u
τ |v1|
∫ x
0
e
−
∑
4
j=1
νijal
τ|v1|
(x−y)
e−Cl,u|v|
2
dy · d(f, g).
II4 (7.8)
Combining (7.5), (7.6), (7.7), and (7.8), we obtain
|φ+(fi)− φ+(gi)| ≤ Cl,u · d(f, g) ·
(
1
τ |v1|fi,L +
1
τ |v1|
∫ x
0
e
−
∑4
j=1
νijal
τ|v1|
(x−y)M(f1)dy
+
1
τ |v1|
∫ x
0
e
−
∑
4
j=1
νijal
τ|v1|
(x−y)
e−Cl,u|v|
2
dy
)
.
Therefore,
||φ+(fi)− φ+(gi)||L1
2
≤ Cl,u · d(f, g) ·
(∫
v1>0
∫ x
0
1
τ |v1|fi,L(1 + |v|
2)dydv
+
∫
v1>0
∫ x
0
1
τ |v1|e
−
∑
4
j=1
νijal
τ|v1|
(x−y)M(fi)(1 + |v|2)dydv
+
∫
v1>0
∫ x
0
1
τ |v1|e
−
∑4
j=1
νijal
τ|v1|
(x−y)
e−Cl,u|v|
2
(1 + |v|2)dydv
)
.
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Applying Lemma 6.2, we have
||φ+(fi)− φ+(gi)||L1
2
≤ Cl,u · d(f, g) ·
(∫
v1>0
∫ x
0
1
τ |v1|fi,L(1 + |v|
2)dydv
+
∫
v1>0
∫ x
0
1
τ |v1|e
−
∑4
j=1
νijal
τ|v1|
(x−y)
e−Cl,u|v|
2
dydv
)
,
Then, from the same computation as in the esitmate of II in (6.2), we obtain
||φ+(fi)− φ+(gi)||L1
2
≤ Cl,u
[
ai,s + ci,s
τ
+
(
ln τ + 1
τ
)]
d(f, g) ≤ Cl,u
(
ln τ + 1
τ
)
d(f, g).
By a simliar argument, we have
||φ−(fi)− φ−(gi)||L1
2
≤ Cl,u
(
ln τ + 1
τ
)
d(f, g).
Hence,
||φ(fi)− φ(gi)||L1
2
≤ Cl,u
(
ln τ + 1
τ
)
d(f, g).
Taking supremum on both sides and choosing sufficiently large τ > 0, we get the desired result. 
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